


Topic
Recursion and Backtracking
Dynamic Programming
Greedy Algorithms
Amortized Analysis
Elementary Graph algorithms
Minimum Spanning Trees
Single-Source Shortest Paths
All-Pairs Shortest Paths
Maximum Flow
String Matching

NP-Completeness

Reference

Ch.1 and Ch.2 JeffE

Ch.3 JeffE and Ch.15 CLRS

Ch.4 JeffE and Ch.16 CLRS

Ch.17 CLRS

Ch.6 JeffE and Ch.22 CLRS

Ch.7 JeffE and Ch.23 CLRS

Ch.8 JeffE and Ch.24 CLRS

Ch.9 Jeffk and Ch.25 CLRS

Ch.10 JeffE and Ch.26 CLRS

Ch.32 CLRS

Ch.12 JeffE and Ch.34 CLRS



When Dynamic Programming applies?

e Optimal substructure

* Proof: cut and paste!
* how many subproblems + how many choices

* Overlapping subproblems
 the total number of distinct subproblems is a polynomial in the input size.
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e Al with dimensions 10 x 100
e A2 with dimensions 100 x 5
A3 with dimensions 5 x 50

* ((A1 A2)A3) -> (10.100.5)+(10.5.50)=7500
* (A1(A2 A3)) -> (100.5.50)+(10.100.50)=75000
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mli, J] = _n}\in_ {mli, kK] +mlk+ 1, j1+ piciprpj} ifi < j.
i<k<] |
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MATRIX-CHAIN-ORDER (p)

|  n <« length|p] — 1

2 fori < lton

3 do m|i,i] < 0

4 for/ «<2ton > [ is the chain length.

5 dofori < lton—1+1

6 do j «—i+1[1—1

7 mli, j] < o0

8 fork «<itoj—1

9 do g < mli, k] +mlk + 1, j]1 4+ pi_1 pkpj
10 if g < mli, j]
11 then m[i, j] < ¢
12 sli, j] < k Ap i Aj Sl Gl 05255 s 1l S K S i yans

13 returnm and s
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matrix  dimension

Ay 30 x 35
As 35x 15
Az 15:5¢:5
A4 5x 10

As  10x20
Ag 20 x25 11
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PRINT-OPTIMAL-PARENS (s, 1, J)

| ifi=

2 then print “A”;

3 else print ("

4 PRINT-OPTIMAL-PARENS (s, 1, 5[z, J])

5 PRINT-OPTIMAL-PARENS (s, s[i, j]+ 1, )
6 print )"
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Longest common Su bsequence

* 51 = ACCGGTCGAGTGCGCGGAAGCCGGCCGAA
* 52 = GTCGTTCGGAATGCCGTTGCTCTGTAAA

. GTCGTCGGAAGCCGGCCGAA



Longest commaon subsequence
Characterizing a longest common subsequence

Theorem 15.1 (Optimal substructure of an LCS)

Lot X = {Xy, X5, «nwy \n) and Y = (vy, v2, ..., y,) be sequences, and let Z =
(Z1, 225000 z;) be any LCSof X and Y.

L. WX = Y, then .25 = Xy = Yy 804 Lgg 1ISan LCSOT X,y g 800 ¥,
2. If x,, # yn, then z; # x,, implies that Z is an LCS of X,,_; and Y.
3. If x,, # yn, then z; % y, implies that Z isan LCSof X and Y,,_;.
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Longest common subsequence

A recursive solution

0
cli, j]=3cli — 1,57 —1]+1
max(c[i, j — 1], cli — 1, J])

it =0orgy=9,

if7, ) >0and x; = y;,
ifi, j >0and x; # y; .
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Longest common subsequence
Computing the length of an LCS

LCS-LENGTH(X.Y)

16

m <« length| X
n < length|Y ]
for: <« | tom

do ¢[i,0] <« 0
for j < Oton

do [0, j] < 0
fori < 1 tom

dofor j < lton

do if.\',‘ =Y
thencli, j] <« cli —1,j—1]+1
bli, j] « "N\

else ifcli —1,j]1>cli,j—1]
thenc[i, j] < cli — 1, J]
bli, j] < 1"
else cli. j] < cli,j —1]
ble;:j] <" 4"

return ¢ and b
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Longest common subsequence
Computing the length of an LCS

PRINT-LCS (b, X, 1, J)

l
)
3
S

~] O\

ifi =0o0r ) =0
then return
o, 71 =%
then PRINT-LCS (b, X, 1 — 1,7 — 1)
print x;
elseif hli, j] = "1~
then PRINT-LCS (b, X, 1 — 1, J)
else PRINT-LCS(b, X,1, ] — 1)
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Look-up time
Optimal Binary Search Trees

» designing a program to translate text from English to French

* For each occurrence of each English word in the text, we need to look up its French equivalent

* total time spent searching to be as low as possible
* ensure an O(lg n) search time per occurrence by using a red-black tree

e case that a frequently used word such as “the” appears far from the
root while a rarely used word such as “mycophagist” appears near the

root
* slow down the translation



Optimal Binary Search Trees

given a sequence K = (k, ko, ..., k,) of n distinct keys in sorted order
ki ko< v ok
do.dy. d>. ...,d, representing values not in K

d; represents all values between k; and k;

ip,- + icj; =]
i=1

=0

n n
E[search costin T] = Z(depthﬂk;) + 1) p; + Z(depflly(ch) + 1) -g;

=1 i=0
= 1+ Y depthy(k;)- pi + Y _ depthy(d;) - i .
i=1 i=0
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Optimal Binary Search Trees
example

expected search cost 2.80.

expected search cost 2.75.

i| o | 2 3 4 5
P 0.15 0.0 005 0.0 020
gi | 0.05 010 005 005 005 0.10
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Optimal Binary Search Trees
The structure of an optimal binary search tree (1)

range k;, ..., k;, forsome | <i < j <n

a subtree
leaves  dummy keys d;i_q, ..., dj

* if an optimal BS tree T has a subtree T’ containing keys i to j
* then this subtree T must be optimal as well
e cut-and-paste argument applies



Optimal Binary Search Trees
The structure of an optimal binary search tree (2)

' P k;, one of these keys, say k, (i < r < j), will be the root of an optimal subtree
left subtree right subtree
Ki-oion ky_1 (and dummy keys d;_q, ..., dr_1) KEYS Kradsswss k; (and dummy keys &, ...,

k;’s left subtree contains the keys 4;, .. ., ki_1
keys Kiis < s+ k;—y has no actual keys but does contain the single dummy key d;_
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Optimal Binary Search Trees
A recursive solution (1)

°e[l,n]
e easy case occurs whenj=j-1.



Optimal Binary Search Trees
A recursive solution (2)

J J
w(i, J) = Z pr+ Z qi w(t, j)=wl,r—0)+p, +wr+1, )
I=i [

=i—1

eli, jl=p, + (eli,r — 1]+ w@,r=1)+([r+1,j]+wr+1, )
elt, jl=eli,r —1]+elr+1, j]1+ w(@, j).

o qi—1 lf/ =1—1,
eli.J1 =\ min {e[i,r — 1] +e[r + 1. j14+ w(, j)} ifi < j.

i<r<j
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Optimal Binary Search Trees

Computing the expected search cost of an optimal binary search tree

OPTIMAL-BST (p. q.n)

1 fori < 1ton+1

2 doefi,i — 1] < gi_

3 wli,i — 1] <« g4

4 forl/ < 1ton

5 dofori < lton—171+1

6 do j<—i+41-1

7 eli, j] « o0

8 wli, j] < wli, j — 1]+ pj +q;
9 forr < itoj
10 dot «eli,r —1]+elr+1, j]+ wli, j]
[ ifr <eli, J]
12 then eli, j]| < ¢
13 rootli, j| < r

14 return e and root



Optimal Binary Search Trees

example




